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Let X;. ..., X, be events in a probability space. Let g; be the probability X; occurs. Let ¢
be the probability that none of the X; occur. Let G be a graph on [#] so that for 1=i=n X, is inde-
pendent of {X,|(, /)¢ G}. Let f(d) be the sup of those x such that if ¢,, ..., g.=x and G has maxi-
mum degree =d then ¢=0. We show f(1)=1/2, f(d)=(d—1)-d-¢ for d=2. Hence
dlim df(d)=1/e. This answers a question posed by Spencer in [2]. We also find a sharp bound for

¢ in terms of the o, and G.

The probabilistic method is a nonconstructive technique for showing the
existence of combinatorial configurations. It works as follows. Suppose we wish to
show a class of configurations contains a particular configuration satisfying cer-
tain conditions Cy, C,, ..., C,. We impose a probability distribution on the class of
configurations. We let X; be the event ““condition C; is violated”. We let g; be the
probability that X; occurs. We let ¢ be the probability that X,NX,N...NX, occurs
(i.e. g is the probability that all of the conditions C; are satisfied). It is easy to show
by induction on » that ¢=1—-g,—-g,—...—9,. Hence if g,+0:+...+¢,<1 then
0=0 Which implies the existence of a configuration satisfying all of the conditions
Cy,...,C,. If all the o, are equal say g,=g,=...=g,=x then the condition
o+ Q2+ +g,,<1 becomes nx-<1. It was observed by Lovasz [1] that under cer-
tain conditions this condition could be weakened and still 1mp1y ¢>0. Wesaya
graph G on [n] is a dependence graph for the events X, ..., X, if for 1=i=n X
is independent of {X;|(, /)¢ G}. Suppose G has maximum degree d. Then Loviasz
showed 4dx=1 implies ¢=>0. Spencer [2] noted this could be improved to
e(d+1)x=1 implies ¢>0 or more precisely that x=d?/(d+1)¥*! implies ¢=O0.
Spencer defined f(d) as the sup of those x which imply (d fixed) ¢=0 and asked
what is }_ifg df(d). In this paper we answer this question by finding an exact formula

for f(d). First however we give a sharp estimate for ¢ in terms of the g; and G which
is of independent interest.
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Theorem 1. Ler S be a subset of [n). Define
PS)= 3 (=D T,
ST ieT

Tindin G
If P(S) is =0 for all § then ¢=P(®). Otherwise ¢=0. Furthermore these bounds
are the best possible. (We interpret the empty sum as 0, the empty product as 1. T ind
or independent in G means G contains no edges connecting points in T.)

Proof. Let R be an independent set in G. Note
SP® =3 3 (D8 To = [ []e]-D7
RES R R ieT RGT i€T

SsrIs2 <
Tind Tind

S U= [Te.
RESCET i€R

Letting R=0 this implies > s P(S)=1. Hence if P(S)=0 for all S we can let ¥
be a random variable taking on values S in {0, 1}" with probability P(S). Let Y,, ...
..., Y, be the first through nth components of Y. The probability that ¥;=1 is
o; (let R={i}). Furthermore it is easy to verify that G is a dependence graph for Y.
For SC(n] let a(S) be the probability that X is 0 on § (i.e. that none of the events
{X,Jic S} occur), B(S) be the probability that ¥ is 0 on S. Note

B(S) = > P(S) =
=2 2 D [Te = ZEDT([Te) Z D) =

S'Cs SsCT S'SSNT
Tind in G
= 3 0 Jo= 3 D" [ e
SAT e er res er

Now ¢=a([n]) and P(®@)=B([n]). Hence we wish to show «([n])=B([n]). If
B(S)=0 for some S then B([n])=0 also and «([n])=B([n]) trivially. Hence we
a(Sy) _ a(S))
B(Sy) ~ B(Sy)
We prove this by induction on |S,|. First note if §=0, a(S)=B(S)=1 and if
S={i}, a(S)=B(S)=1—g;. It clearly suffices to prove the claim for [§,—S8;|=1.
Let S,=S,U{i}. Let $;=T,UT, where T consists of points of S, not adjacent to
iin G while T, consists of points of S, adjacent to i in G. Note B(S,)=B(S,)— ¢; B(Ty).
Furthermore o.(S,)=probability (X is 0 on S;)=probability (X is O on S,) — proba-
bility (X is 0 on S, and 1 on /). Now probability (X is 0 on S;, 1 on i{)=probability
(XisOon Ty, 1 oni)=a(Ty)e; (bychoice T, definition dependence graph). Therefore
a(S,)=a(S)—o;x(T,). Hence

2(Sp)  a(S) _ a(S)—ea(T) _2(S) _ aB(TVa(S)—a(T)B(SyY] _
B(S;)) B(S)  B(S)—aB(T) B(S) B(SD(B(Sy) —¢; B(Th))

_ 0:B(TY) [a(Sl) _Q(TD] =0
B(S)—0:B(T) LB(SY B(I)) ™

may assume B(S)=0 forall S. Then we claim that if §;<S; then
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=1=9=P(0) as desired. Clearly ¥ shows this bound is the best possible. It re-
mains to show that if P(S)<0 for some S then we can define a random variable
Y=(Y,,....Y,) for which G is a dependence graph, probability (¥;=1) is ¢;

(by induction hypothesis since 7,5 8;) as desired. Now

and probability (Y;=Y,=...=Y,=0) is 0. Let A be a subset of [n] and define
(for SC A).
P = Z (DT [T

Suppose for some 4 P,(#)<0 but P,(B)=0 for 8BS 4 (as we will see such an
A must exist). Let @ (B)={[T¢)( [ (1—g)). Choose A so that AP,(@)+
icB icA—B

+(1—4)Q,(®)=0. Let Y, be a random variable taking on values B in {0, 1}* with
probability AP,(B)+(1-A)Q,(B). Extend Y, to a random variable ¥ taking on
values BUC (BSA4,C&[n]—A4) in {0, 1) with probability

HPA(B)+(1—/1)QA(B)]£Q; I )

ign—A—

It is easy to verify that this ¥ satisfies the given conditions with ¢=0 as desired. It
remains to show such an 4 exists. Suppose P,(B)<0 and let C consists of those
elements of A— B not adjacent (in G) to any element of B. Then

PB= 2 (- ])[TI_IB]_H g = H Qi[ 2 (= pim U o] = (H 2:) Fe(9).
BESTCA icT i€B TcC i€T icB

TindinG TindinG

This assumes B is independent in G which must be true as otherwise P,(B)=0 a
contradiction. Hence we may choose 4 so that P, (#)<0 but Pg(9)=0 for any
proper subset B of 4. Then P,(S)=0 forany Scd, S=0. For suppose P,(S)<0,
S0, then by the above 3C S A—S so that P;(#)<0 a contradiction. This com-
pletes the proof of Theorem 1. J]

Remark 1. Suppose we take all the g; to be equal to say g. Then P(9) is a polynomial
of g of degree equal to «{G) (the maximum size of an independent set in G) =n.
Since finding a(G) in NP-complete in general evaluating P(9) must also be NP-
complete in general. Hence the bound given by the above theorem may be useless
in practice.

However there are special cases where we can evaluate the bound in Theorem 1
exactly. Let all the g,=x and define F;(x)=P(®). Let a be a point in G, G, be G
with a deleted, G, be G with a and all its neighbors deleted. Then we have Fg(x)=
= Fg, (x)— xFg,(x). Furthermore, if G is the disjoint union of two graphs G,, G,,
then Fg(x)=Fg, (¥)Fg,(x). Now define rooted trees T,,(n) inductively as follows.
T,,(0) consists of a single point. T,,(n+1) is formed by connecting the roots of m
copies of T,,(n) to the new root. Now applying the above identities (with a=the
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root) we obtain Fr .1y (x)=[Fr, )" — X[ Fr, u-ny(W)I™, nz=1. Also FTmm(x2=
=(l-x)"~x and Fr g(x)=1—x. Let a_,=a_,=1 and a,,,=ay—xa",.
Then Fr (pen(x)=a,,,. We ask for what values of x is a,>0 forall n. Let b,=

=a/at_, so b_;=1, b, ,=1—x/b". It suffices to find those values of x for which

b,=0 for all n. Now b,,+1—bn=x(—] + ] ] so O<b,=b,_,=b,,;=b,. Also

by b,
by=1—x=1=>b_,. Hence if the b,’s are all positive they must decrease to a limit
say A, Then A=1-x/A" or x=i"—A""1 Now i"—2""! is maximized when
A=mf(m+1) with value m™/(m+1)"*1. Hence x=m"/(m+ 1)"*?. Furthermore if
x=A"—1"*1 or A=1-x/A", mj(m+1)=i=1 then b,>1=b,.;=1—x/b">
> 1—x/A"=4 which implies the b,’s decrease to a limit (which must be 2) as n - oo,
Hence we have shown a,>0 for all n iff x=m™/(m+1)"*1. Note the degree of
any vertex in T,,(n)is =m+ 1. Hence since Theorem 1 is sharp we have f(m+1)=
=m™(m+ 1"t m=1 or f(dy=(d-1)"Yd%, d=2. In fact we havc

Theorem 2. f(d)=(d—1)""1/dd, d=2, f(1)=1/2. Recall f(d) is the sup of those x
for which maximum degree of G =d, p,, @2 -.., 0,=x Imply 9=0.

Proof. f(1)=1/2 is trivial. We have just seen that letting G be the graphs T, (#)
forces f(d)=(d—1)?7*/d% d=2. It remains to show that if G is a graph on [r]
with each vertex having degree =d (d=2) and all g;=x=(d—1)"%/d? then
0=0. Let A=1—x/A", m{(m+1)=)=1, m=d—1. Let $,<S[n] with S,=S8,U{i}.
Let $;=T,UT, where T, consists of points of S; not adjacent to 7 in G while T,
consists of points of S; adjacent to i in G. Suppose i has degree =d—1 in G restricted
to Sy (i.e. |Te]=m). Define « as in the proof of Theorem 1. Assume x=:0. Then we
claim «(S,)=A«(S,). This follows by induction on |S,|. If |S,|=1 then since
A=1—x/A"=>1—x=1 (as x=0)=a(Sy)=1—g;=1—x>A=la(@)=4a(S;) as de-
sired. Suppose |Sy|=1. As in the proof of Theorem 1 a(S,)=a(S)—gx(T)=
= (S;)—xa(7T,). By the induction hypothesis «(S,)=AlTa(T;) (since all points of
T, have degree =d—1 in ). If |T,|=0 this is not valid but then we have a(S;)=

=(1—p)a(8;)=4ix(S;)} as above, Hence a(S2)>[l —l—;—,d a(Sy)=(1—x/A™a(S)=
2

=Aa(S;) as desired. Now suppose / has degree d in S,. Then as above «(S;)>
>(1—=x/2%a(S)=2~1/2)«(S,). Now m=1 so A=1/2 so (2—1/2)=0. Hence
a(S;)=0=u(S;)=0. It follows by induction on |S,| that «(S,)=0. Letting S,=[n]
we have ¢=a([n])>0 as desired. In fact if G is connected we have ¢>(2—1/1)A""%.
(Since if G is connected all induced proper subgraphs of G contain points of degree
=(d—1). Hence unless [S,|=n we can choose { to have degree =(d—1) in G
restricted to S,.) We have assumed x>0 but if x=0 then clearly ¢=1. This
completes the proof of Theorem 2. [§
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